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Abstract
The aim of this paper is to develop an abstract group theoretic framework for the Cogalois Theory
of ﬁeld extensions.
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The efforts to generalize the famousGauss’Quadratic Reciprocity Law led to the Theory
of Abelian extensions of global and local ﬁelds, known as Class Field Theory. This Theory
can also be developed in an abstract group theoretic framework, namely for arbitrary proﬁ-
nite groups. Since the proﬁnite groups are precisely those topological groups which arise as
Galois groups of Galois extensions, anAbstract Galois Theory for arbitrary proﬁnite groups
was developed within the Abstract Class Field Theory (see e.g. [7]).
The aim of this paper is to present a dual Theory, we called Abstract Cogalois Theory,
to the Abstract Galois Theory. Roughly speaking, Cogalois Theory (see [2]) investigates
ﬁeld extensions, ﬁnite or not, which possess a Cogalois correspondence. This Theory is
somewhat dual to the very classical Galois Theory dealing with ﬁeld extensions possessing
a Galois correspondence.
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The basic concepts of the ﬁeld theoretic Cogalois Theory, namely that of G-Kneser and
G-Cogalois ﬁeld extension, as well as their main properties are generalized to arbitrary
proﬁnite groups. More precisely, let  be an arbitrary proﬁnite group, and let A be any
subgroup of the Abelian group Q/Z such that  acts continuously on the discrete group
A. Then, one deﬁnes the concepts of Kneser subgroup and Cogalois subgroup of the group
Z1(, A) of all continuous 1-cocycles of  with coefﬁcients in A, and one establish their
main properties.Thus,we prove anAbstract KneserCriterion forKneser groups of cocycles,
as well as anAbstract Quasi-Purity Criterion for Cogalois groups of cocycles. Their proofs,
involving cohomological as well as topological tools, are completely different from that of
their ﬁeld theoretic correspondents.
The idea to involve the groupZ1(, A) in deﬁning the abstract conceptsmentioned above
comes from the description due to Barrera-Mora et al. [4], via the Hilbert’s Theorem 90, of
the Cogalois group Cog(E/F) of an arbitrary Galois extensionE/F as a group of cocycles.
More precisely, Cog(E/F) is canonically isomorphic to the group Z1(Gal(E/F),(E))
of all continues 1-cocycles of the proﬁnite Galois group Gal(E/F) of the extension E/F
with coefﬁcients in the group (E) of all roots of unity in E. Note that the multiplicative
group (E) is isomorphic (in a noncanonical way) to a subgroup of the additive groupQ/Z,
and that the basic groups appearing in the investigation of E/F from the Cogalois Theory
perspective are subgroups of Cog(E/F).
In this way, the above description of Cog(E/F) in terms of 1-cocycles naturally sug-
gests to study the abstract setting of subgroups of groups of type Z1(, A), with  an
arbitrary proﬁnite group and A any subgroup of Q/Z such that  acts continuously on
the discrete group A. Such a continuous action establishes through the evaluation map
×Z1(, A) −→ A, (, g) → g(), a Galois connection between the lattice L(Z1(, A))
of all subgroups of Z1(, A) and the lattice L() of all closed subgroups of . As the lat-
tices above are naturally equipped with spectral (Stone) topologies on which the proﬁnite
group acts continuously, thisGalois connection relates them through canonical continuous
-equivariant maps. On the other hand, the continuous action of  on A endows the dual
group ̂Z1(, A)=Hom(Z1(, A),Q/Z)with a natural structure of topological-module,
related to  through a canonical continuous cocycle  :  −→ ̂Z1(, A) which will play a
key role in the study of some remarkable closed subspaces of the spectral spaceL(Z1(, A))
consisting of Kneser and Cogalois groups of cocycles.
0. Notation and preliminaries
Throughout this paperwill denote a ﬁxed proﬁnite group with identity element denoted
by 1, and A will always be a ﬁxed subgroup of the Abelian group Q/Z such that  acts
continuously on A endowed with the discrete topology, i.e., A is a discrete -module.
We denote by P the set of all positive prime numbers. For any r ∈ Q, the coset of r in
the quotient group Q/Z will be denoted by r̂ . The elements of  will be denoted by small
Greek letters , ,, and the elements ofA by a, b, c. If n ∈ N andD is anAbelian torsion
group, then we denote D[n] := {x ∈ D|nx = 0}. For any p ∈ P we denote by D(p) the
p-primary component of D. By OD we denote the set of all n ∈ N for which there exists
x ∈ D of order n, i.e., D[n] has exponent n.
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For any topological group T we denote by L(T ) the lattice of all subgroups of T, and by
L(T ) the lattice of all closed subgroups of T. The notationUT means thatU is a subgroup
of T. For any UT we denote by L(T |U) (resp. L(T |U)) the lattice of all subgroups (resp.
closed subgroups) of T lying over U. If X ⊆ T , then X will denote the closure of X, and
〈X〉 will denote the subgroup generated by X. The notation UT means that U is a normal
subgroup of T. For a subgroup U of T we shall denote by T/U the set {tU |t ∈ T } of all
left cosets of U in T. We denote by Ch(T ) or by T̂ the character group of T. If S is another
topological group, then Hom(S, T ) will denote the set of all continuous group morphisms
from S to T.
The set Z1(, A) of all continuous crossed homomorphisms of  with coefﬁcients in A
is a torsion Abelian group. The elements of Z1(, A) will be denoted by f, g, h. Always
G,H will denote subgroups of Z1(, A) and , subgroups of . To any a ∈ A one
assigns the 1-coboundary fa : → A, fa()= a − a,  ∈ . Then
B1(, A) := {fa| a ∈ A}Z1(, A).
Consider the evaluation map:
〈−,−〉 : × Z1(, A) −→ A, 〈, h〉 = h().
For any , GZ1(, A), g ∈ Z1(, A), and 	 ∈  we denote
⊥ := {h ∈ Z1(, A)|〈, h〉 = 0, ∀ ∈ }, G⊥ := { ∈ |〈, h〉 = 0, ∀h ∈ G},
g⊥ := { ∈ |〈, g〉 = 0}, 	⊥ := {h ∈ Z1(, A)|〈	, h〉 = 0}.
Then ⊥Z1(, A), G⊥, g⊥ = 〈g〉⊥, and G⊥ ∈ L().
For any  one denotes by res : Z1(, A) −→ Z1(, A), h → h|, the restriction
map.
Proposition 0.1. The following assertions hold.
(1) The maps
L(Z1(, A)) −→ L(), G → G⊥,
L() −→ L(Z1(, A)),  → ⊥,
establish a Galois connection between the lattices L(Z1(, A)) and L(), i.e., they are
order-reversing maps and XX⊥⊥ for any element X of L(Z1(, A)) or L().
(2) For any  ∈ L() and G ∈ L(Z1(, A)) one has
⊥ = ⊥ = Ker(res) and (res(G))⊥ =G⊥ ∩ .
(3) For any G1,G2 ∈ L(Z1(, A)) and 1,2 ∈ L() one has
(G1 +G2)⊥ =G⊥1 ∩G⊥2 and ⊥1 ∩ ⊥2 = 〈1 ∪ 2〉⊥.
Remark 0.2. By the standard terminology, the closed elements of the Galois connection in
Proposition 0.1(1) are the elements X of L(Z1(, A)) or L() such thatX=X⊥⊥. Effective
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descriptions of such elements are given in Corollaries 1.6 and 1.10. In Section 2, we discuss
cases when the maps (−)⊥ establish lattice anti-isomorphisms between certain sublattices
of L(Z1(, A)) and L().
On the other hand, the posets L() and L(Z1(, A)) are equipped with natural topologies
for which the canonical maps deﬁning the Galois connection above are continuous.
The underlying topological space of the proﬁnite group  is a Stone space, i.e., a
(Hausdorff) compact and totally disconnected topological space. The Stone topology on
 naturally makes the set of all closed subsets of  a spectral space, i.e., a T0 quasi-
compact topological space which has a topology basis consisting of open quasi-compact
sets. For more details concerning Stone and spectral spaces the reader may refer to [5].
The set L() becomes a spectral space as a closed subset of the spectral space of all closed
subsets of the underlying Stone space of . The spectral topology s on L() is deﬁned by
the basis of open quasi-compact sets U = L() for  ranging over all open subgroups
of .
The Stone completion b of the spectral topology s on L(), commonly called the
patch topology, is the topology deﬁned by the basis of open compact sets
V,′ = { ∈ L()| = ′} for all pairs (,′), where  is an open normal subgroup
of  and ′ ∈ L(|).
Being the dual of the Abelian torsion group Z1(, A), ̂Z1(, A) is an Abelian proﬁnite
group. Thus, L( ̂Z1(, A)) is naturally equipped with the topologies deﬁned above, and so,
by duality, we obtain the corresponding topologies on L(Z1(, A)).
Proposition 0.3. The following assertions hold.
(1) The canonical action
× L() −→ L(), (,) → −1,
is a coherent map, i.e., the inverse image of any open quasi-compact set is also open
quasi-compact.
(2) The canonical action
× L(Z1(, A)) −→ L(Z1(, A)), (,G) → G,
is a coherent map.
(3) The map L() −→ L(Z1(, A)), → ⊥, is a morphism in the category of spectral
-spaces with -equivariant coherent maps as morphisms.
(4) The map in (3) is also a morphism in the category of Stone -spaces with continuous
-equivariant maps as morphisms.
(5) The map L(Z1(, A)) −→ L(),G → G⊥, is a morphism in the category of spectral
-spaces with continuous -equivariant maps as morphisms.
The natural action of  on ̂Z1(, A) induces a canonical continuous 1-cocycle
 :  −→ ̂Z1(, A)
we are going to deﬁne below, and which will play a key role in the rest of the paper.
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First note that ̂Z1(, A) = Hom(Z1(, A),A). ̂Z1(, A) becomes a topological -
module via
(
)(g)= 
(g), ∀ ∈ , 
 ∈ ̂Z1(, A), g ∈ Z1(, A).
For any subgroup G of Z1(, A) set XG = Z1(, A)/G. Then X̂G = Hom(XG,A) is
identiﬁed with a closed subgroup of ̂Z1(, A), stable under the action of , so the quotient
̂Z1(, A)/X̂GĜ = Hom(G,A) is also a topological -module, andĜ = Hom(Ĝ, A).
Consider the map
 :  −→ ̂Z1(, A), ()(g)= 〈, g〉 = g(),  ∈ , g ∈ Z1(, A),
and for anyGZ1(, A), let G :  −→ Ĝ denote the map obtained from  by composing
it with the canonical epimorphism of topological -modules
res
Z1(,A)
G : ̂Z1(, A) −→ Ĝ, 
 → 
|G.
Proposition 0.4. For anyGZ1(, A), the map G :  −→ Ĝ is a continuous 1-cocycle
satisfying the following universality property: for every g ∈ G there exists a unique contin-
uous morphism  : Ĝ −→ A such that  ◦ G = g.
Proof. Clearly G is a continuous 1-cocycle, so  ◦ G ∈ Z1(, A) for all  ∈ Ĝ. It is
sufﬁcient to show that the canonical morphism G : Ĝ −→ Z1(, A),  →  ◦ G, takes
values in G and is the inverse of the canonical isomorphism G = |G : G −→Ĝ given by
the Pontryagin Duality. The equality G ◦ G = 1Gis obvious, so it remains only to check
that G is injective. Let  ∈ Ĝ be such that G() = 0, and let g = −1G (). For all  ∈ 
we have
0= G()()= (G())= G(g)(G())= G()(g)= g(),
so g = 0, and hence = G(g)= 0, as desired. 
1. Kneser groups of cocycles
In this section, we deﬁne the concept of abstract Kneser group, present the main
properties of these groups, and establish the abstract version of the ﬁeld theoretic Kneser
Criterion [6].
Lemma 1.1. If G is a ﬁnite subgroup of Z1(, A), then ( : G⊥) |G|.
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Proof. The canonical cocycle G :  −→ Ĝ deﬁned by G()(g) = 〈, g〉 = g(),
 ∈ , g ∈ G, induces an injective map /G⊥ −→ Ĝ, so ( : G⊥) |Ĝ| = |G|, as
desired. 
Deﬁnition 1.2. A subgroup G of Z1(, A) is called a Kneser group of Z1(, A) if the
canonical continuous cocycle G :  −→ Ĝ is onto.
Lemma 1.3. A ﬁnite subgroupG of Z1(, A) is a Kneser group of Z1(, A) if and only if
( : G⊥)= |G|.
We shall denote byK(, A) the set of all Kneser groups of Z1(, A), partially ordered
by inclusion, with {0} as the least element.
Lemma 1.4. If G ∈ K(, A), then H ∈ K(, A) for any HG; in other words,
K(, A) is a lower subset of the poset L(Z1(, A)).
Proof. Since H is obtained from G by composing it with the epimorphism
resGH : Ĝ −→ Ĥ ,
 → 
|H ,
and G is onto by assumption, it follows that H is onto too, so H ∈ K(, A), as
desired. 
Lemma 1.5. If G ∈ K(, A), then the map L(G) −→ L(),H → H⊥, is injective. In
particular, H =G ∩H⊥⊥ for every H ∈ L(G).
Proof. Let H1, H2 ∈ L(G) be such that H⊥1 = H⊥2 . Since (H1 + H2)⊥ = H⊥1 ∩ H⊥2 =
H⊥1 = H⊥2 , we may assume that H2H1. By Lemma 1.4, Hi ∈ K(, A), i = 1, 2, and
hence the map/H⊥i −→ Ĥi induced by the surjective cocycle Hi is bijective for i=1, 2.
As H2 = resH1H2 ◦ H1 and H⊥1 = H⊥2 , res
H1
H2
: Ĥ1 −→ Ĥ2 is an isomorphism, and so
H1 =H2 by the Pontryagin Duality. The last part of the statement is now immediate since
(G ∩H⊥⊥)⊥ =H⊥ for any H ∈ L(G). 
Corollary 1.6. If Z1(, A) ∈ K(, A), then the canonical map L(Z1(, A)) −→ L()
is injective, and H =H⊥⊥ for every H ∈ L(Z1(, A)).
Proposition 1.7. The following assertions are equivalent for GZ1(, A).
(1) G ∈K(, A).
(2) F ∈K(, A) for any ﬁnite subgroup F of G.
Proof. By Lemma 1.4, we have only to prove that (2) ⇒ (1). By assumption the cocycle
F :  −→ F̂ is onto for any ﬁnite subgroup F of G. We are going to show that the
continuous cocycle G :  −→ Ĝ is also onto. Let 
 ∈ Ĝ. Since the family (−1F (
|F ))F
of nonempty closed subsets of , for F ranging over all ﬁnite subgroups of G, has the ﬁnite
T. Albu, S¸.A. Basarab / Journal of Pure and Applied Algebra 200 (2005) 227–250 233
intersection property, it follows by compactness that S := ⋂F −1F (
|F ) = ∅. Conse-
quently, G() = 
 for all  ∈ S, as G is the projective limit of the projective system of
maps (F )F . Thus G is onto, and so G ∈K(, A). 
Corollary 1.8. The following assertions hold.
(1) K(, A) is a closed subset of the spectral space L(Z1(, A)).
(2) K(, A) has a natural structure of spectral (Stone) -space.
(3) For any G ∈K(, A) there exists a maximal Kneser group lying over G.
(4) The setK(, A)max of all maximal Kneser subgroups ofZ1(, A) has a natural struc-
ture of Hausdorff -space.
Corollary 1.9. Z1(, A)=Hom(, A) ∈K(, A). In particular, if the action of  on
A is trivial, then Z1(, A)= Hom(, A) ∈K(, A).
Proof. By Proposition 1.7, we have to show that G ∈ K(, A) for each ﬁnite subgroup
G of Z1(, A) = Hom(, A). For such a G, G⊥ is an open normal subgroup of , the
quotient /G⊥ is a ﬁnite Abelian group, and G can be embedded into
Hom(/G⊥, A)Hom(/G⊥,Q/Z)= ̂/G⊥/G⊥.
Then ( : G⊥) |G|( : G⊥) by Lemma 1.1, so G ∈K(, A) by Lemma 1.3. 
Denote byK+(, A) the subset ofK(, A) consisting of all Kneser groups G which
additionally are closed elements of the canonical Galois connection described in Proposition
0.1(1), i.e., G = G⊥⊥. The main properties of these groups are collected together in the
next result.
Corollary 1.10. The following assertions hold.
(1) G ∈K+(, A) if and only if G⊥⊥ ∈K(, A).
(2) K+(, A) is a lower subset of the poset L(Z1(, A)).
(3) G ∈K+(, A) if and only if F ∈K+(, A) for every ﬁnite subgroup F of G.
(4) K+(, A) is a closed subset of the spectral spaceK(, A).
(5) K+(, A) inherits fromK(, A) a natural structure of spectral (Stone) -space.
Proof. Assertions (1) and (2) follow at once from Lemmas 1.5 and 1.4.
(3) By (2), it remains to prove that if F ∈ K+(, A) for every ﬁnite subgroup F of
G, then G ∈ K+(, A). By Proposition 1.7, G ∈ K(, A), and hence we have only
to show that G = G⊥⊥. For any g ∈ G⊥⊥, we have G⊥ = (G⊥⊥)⊥g⊥, therefore, by
compactness, there exists a ﬁnite subgroup F of G such that F⊥g⊥. Consequently,
g ∈ g⊥⊥F⊥⊥ = FG, as desired.
Assertion (4) follows at once from (3), while (5) is a consequence of (4),
Corollary 1.8, (2), and of the fact that G⊥⊥ = (G)⊥⊥ for any G ∈ L(Z1(, A)) and
 ∈ . 
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Proposition 1.11. LetG ∈K(, A),  ∈ L(), and denote G˜= res(G),G′ =⊥ ∩G.
Then, the following assertions are equivalent.
(1) G˜ ∈K(, A).
(2) The inclusion map  ↪→ G′⊥ induces a continuous surjection  −→ G′⊥/G⊥.
(3) The inclusion map  ↪→ G′⊥ induces a homeomorphism /G˜⊥ −→ G′⊥/G⊥.
(4) G′⊥ = G⊥.
Proof. By assumption, G ∈ K(, A), so G′ ∈ K(, A) since G′ is a subgroup of
G and K(, A) is a lower subset of the poset L(Z1(, A)) by Lemma 1.4. Note that
⊥⊥G′⊥ and G˜⊥ = G⊥ ∩ ; hence, the canonical map /G˜⊥ −→ G′⊥/G⊥ is
injective, and so, (2)⇐⇒ (3)⇐⇒ (4).
The morphism res : Z1(, A) −→ Z1(, A) induces an epimorphism G −→ G˜ with
kernel Ker(res)∩G=G′, so an isomorphismG/G′G˜, and, by the Pontryagin Duality,
an isomorphism Ĝ/̂˜GĜ′. The cocycle G :  −→ Ĝ is onto by assumption, so it
induces a homeomorphism of Stone spacesG′⊥/G⊥ −→ ̂˜Gwhose restriction to the closed
subspace /G˜⊥G⊥/G⊥ is the injective map induced by G˜ :  −→ ̂˜G. It follows that
G˜ ∈ K(, A), i.e., G˜ is onto, if and only if the embedding /G˜⊥ ↪→ G′⊥/G⊥ is onto
too, which proves equivalence (1)⇐⇒ (3). 
Corollary 1.12. Let G ∈ K(, A), and let  ∈ L() be such that G⊥ ⊆ . Then
res(G) ∈K(, A) if and only if (⊥ ∩G)⊥ = .
Proposition 1.13. Let GZ1(, A),  ∈ L(), G˜= res(G), and H = ⊥ ∩G. If G˜ ∈
K(, A) and H ∈K(, A), then G ∈K(, A).
Proof. Assuming that G˜ ∈K(, A) andH ∈K(, A), we have to show that the cocycle
G :  −→ Ĝ is onto. Note that G/HG˜, so Ĝ/̂˜GĤ by the Pontryagin Duality.
Let 
 ∈ Ĝ. As H ∈ K(, A), there exists  ∈  such that H () = 
|H , and hence
 := 
 − G() ∈ ̂˜G. Since the canonical map resGH : Ĝ −→ Ĥ is an epimorphism of
topological -modules, it follows that its kernel ̂˜G is stable under the action of , therefore
−1 ∈ ̂˜G. As G˜ ∈K(, A), there exists  ∈  such that G˜()= −1. Setting = ,
it follows that for any g ∈ G,
G()(g)− g()= g()− g()= g()= G˜()(g|)= (−1)(g|)= (g|)
=
(g)− G()(g)= 
(g)− g(),
and hence 
= G(), as desired. 
The next results investigate when an internal direct sum of Kneser subgroups of a given
GZ1(, A) is also Kneser.
Proposition 1.14. LetGZ1(, A), and assume thatG is an internal direct sum of a ﬁnite
family (Gi)1 in of ﬁnite subgroups. If gcd(|Gi |, |Gj |) = 1 for all i = j in {1, . . . , n},
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then
G ∈K(, A)⇐⇒ Gi ∈K(, A), ∀i, 1 in.
Proof. If every Gi is a Kneser group of Z1(, A), then,
|G| =
∏
1 in
|Gi | =
∏
1 in
( : G⊥i ).
Since G⊥G⊥i , it follows that ( : G⊥i )|( : G⊥) for all i=1, . . . , n. But ( : G⊥i )=|Gi |
are mutually relatively prime by hypothesis, hence
∏
1 in( : G⊥i )|( : G⊥), and so,
|G||( : G⊥). On the other hand, ( : G⊥) |G| by Lemma 1.1, which implies that
|G| = ( : G⊥), i.e., G is a Kneser group. The implication “⇒” follows at once from
Lemma 1.4. 
Remark 1.15. In general, an internal direct sumof two arbitrary nonzeroKneser subgroups
of Z1(, A) is not necessarily Kneser, as the following example shows. Let  = D6 =
〈, |2=3=()2=1〉, and letA=(1/3)Z/Zwith the action deﬁned by a=−a, a=a
for a ∈ A. The map Z1(, A) −→ A× A, g → (g(), g()) is a group isomorphism. Let
g, h ∈ Z1(, A) be deﬁned by g()= 0, h()= 1̂/3, g()= h()= 1̂/3. Then, it is easily
veriﬁed thatZ1(, A) has two independent Kneser subgroups of order 3, namely,G := 〈g〉
andH := 〈h〉, whose (internal direct) sum is not Kneser since || = 6< 9= |G⊕H |. 
The next result is the local–global principle for Kneser groups.
Corollary 1.16. A subgroup G of Z1(, A) is a Kneser group if and only if any of its
p-primary components G(p) is a Kneser group.
Proof. For the nontrivial implication, assume that G(p) ∈ K(, A) for all p ∈ P. By
Proposition 1.7, we have to prove that any ﬁnite subgroup H of G is Kneser. Then H(p)=
G∩G(p), soH(p) is a Kneser group ofZ1(, A) for allp ∈ P. If I := {p ∈ P|H(p) = 0},
then H =⊕p∈IH(p). But I is ﬁnite and gcd(|H(p)|, |H(q)|)= 1 for all p = q in I, so H
is Kneser by Proposition 1.14. 
Corollary 1.16. can be reformulated in topological terms as follows.
Corollary 1.17. The canonical isomorphism of spectral (Stone) -spaces
L(Z1(, A))
∼−→
∏
p∈P
L(Z1(, A(p))), G → (G(p))p∈P
induces by restriction the isomorphisms of spectral (Stone) -spaces
K(, A)
∼−→
∏
p∈P
K(, A(p)) and K+(, A) ∼−→
∏
p∈P
K+(, A(p)).
We are now going to present the main result of this section, namely an abstract version of
the Kneser Criterion [6] from Field Theory. To do that, we need some basic notation which
will be used in the sequel.
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Let N(, A) denote the s-open set (possibly empty) L(Z1(, A))\K(, A) of all
subgroups of Z1(, A) which are not Kneser groups. Clearly, for any G ∈N(, A) there
exists at least one minimal member H ofN(, A) such that H ⊆ G. ByN(, A)min we
shall denote the set of all minimal members ofN(, A). By Proposition 1.7 and Corollary
1.16, if G ∈N(, A)min, then necessarily G is a nontrivial ﬁnite p-group for some prime
number p.
If p is an odd prime number and 1̂/p ∈ A\A, deﬁne the 1-coboundary
εp ∈ B1(, (1/p)Z/Z)B1(, A) by εp() = 1̂/p − 1̂/p, ∈ . If 1̂/4 ∈ A\A,
deﬁne the map ε′4 :  −→ (1/4)Z/Z by
ε′4()=
{ 1̂/4 if 1̂/4=−1̂/4,
0̂ if 1̂/4= 1̂/4.
It is easily checked that ε′4 ∈ Z1(, (1/4)Z/Z)Z1(, A). Observe that ε′4 has order 4
and ε4 := 2ε′4 is the generator of the cyclic group B1(, (1/4)Z/Z)Hom(, A[2]) of
order 2.
In the sequel, we shall use the following notation:
P= (P\{2}) ∪ {4}, P(, A)= {p ∈ P|1̂/p ∈ A\A},
Bp = B1(, (1/p)Z/Z)= B1(, A[p])= 〈εp〉Z/pZ, if 4 = p ∈ P(, A),
B4 = 〈ε′4〉Z/4Z, if 4 ∈ P(, A).
Recall that we have denotedOG := {ord(g)|g ∈ G}. For anyGZ1(, A)we shall denote
G =
⋃
n∈OG
(1/n)Z/Z.
Then G is a discrete -submodule of A. One easily checks that G is the subgroup∑
g∈G g() of Q/Z generated by
⋃
g∈G g(), and hence it is the smallest subgroup B
ofA for whichGZ1(, B).Also note that G(p)=G(p)=
⋃
g∈G(p) g() for all p ∈ P.
Lemma 1.18. With the notation above, we haveN(, A)min = {Bp|p ∈ P(, A)}.
Proof. If 4 = p ∈ P(, A), then B⊥p = ε⊥p = { ∈ |1̂/p = 1̂/p} is the kernel of
the (nontrivial) action of  on A[p] = (1/p)Z/Z, so /B⊥p is identiﬁed with a nontrivial
subgroup of (Z/pZ)∗=F∗p. Thus ( : B⊥p )|p−1<p=|Bp|, and henceBp ∈N(, A)min.
If 4 ∈ P(, A) thenB⊥4 =ε
′⊥
4 ={ ∈ |1̂/4= 1̂/4}=ε⊥4 is the kernel of the (nontrivial)
action of  on A[4] = (1/4)Z/Z, so ( : B⊥4 )= 2< 4= |B4|, and hence B4 ∈N(, A).
Since the unique proper subgroup of B4, namely B1(, A[4]) = 〈ε4〉Z/2Z, belongs to
K(, A) as ( : ε⊥4 )= 2= ord(ε4), it follows that B4 ∈N(, A)min.
Thus, we proved the inclusion {Bp| p ∈ P(, A)} ⊆N(, A)min. To prove the opposite
inclusion, letG ∈N(, A)min.As we have already noticed,G is a nontrivial ﬁnite p-group
for some p ∈ P. Then G = (1/pn)Z/Z for some n1, GZ1(,G), and there exist
g ∈ G and  ∈  such that g()= 1̂/pn.
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Obviously, G ∈ N(,G)min, so we may assume from the beginning that A = G =
(1/pn)Z/Z. Let  := B1(, A)⊥ denote the kernel of the action of  on A. We claim that
 ⊆ G⊥, i.e., G˜ := res(G)={0}. In particular, thiswill imply thatn2 forp=2, for other-
wise, ifn=1 andp=2wewould have==G⊥, and henceGG⊥⊥=⊥={0}, which is a
contradiction.
Assume the contrary, i.e., G⊥. Then ⊥ ∩G = G, and hence ⊥ ∩G ∈K(, A)
asG ∈N(, A)min. But G˜Z1(, A)=Hom(, A), so G˜ ∈K(, A) by Corollary 1.9,
and hence G ∈K(, A) by Proposition 1.13, contrary to our assumption. This proves the
claim that G⊥.
Thus G can be identiﬁed with a subgroup of Z1(/, A), and moreover G ∈
N(/, A)min, so we may assume without loss of generality that  is a subgroup of
(Z/pnZ)∗ acting (faithfully) by multiplication on A := (1/pn)Z/Z, G ∈ N(, A)min,
and G =A, i.e., g()= 1̂/pn for some g ∈ G and  ∈ . Recall that n1 for p = 2, and
n2 for p = 2.
First, note that G is cyclic of order pn, generated by g. Indeed, assuming the contrary,
it follows that the proper subgroup G′ of G generated by g is a Kneser group of Z1(, A)
since G ∈N(, A)min, so
pn = |G′| = ( : G′⊥) ||
(pn)= pn−1(p − 1),
which is a contradiction. By the same reason it follows that the subgroup pG, properly
contained in G, is a Kneser group of Z1(, A), hence ( : (pG)⊥) = |pG| = pn−1. This
implies that pn−1||| and |(pG)⊥| = (|| : pn−1)|(
(pn) : pn−1), and so, t := |(pG)⊥|
is a divisor of p − 1.
Recall that for any integers k andm we denote by kmodm the congruence class k+mZ
of k modulo m. Set
′ =
{ {kmodpn ∈ (Z/pnZ)∗| k ∈ Z, k ≡ 1 (modp)} if p = 2 and n1,
{kmodpn ∈ (Z/2nZ)∗| k ∈ Z, k ≡ 1 (mod 4)} if p = 2 and n2.
Using the considerations above, it follows that, if p = 2, then
′ × (pG)⊥ is cyclic of order pn−1t, with t |(p − 1),
and if p = 2, then G⊥ = (2G)⊥ = {1} and
= (Z/2nZ)∗′ × {1mod 2n,−1mod 2n}Z/2n−2Z× Z/2Z.
Observe that if ′ = {1}, then, for p = 2,
Z/tZ is a nontrivial subgroup of F∗p,G= Z1(,Fp)= B1(,Fp)= Bp,
while, for p = 2, G= Z1((Z/4Z)∗,Z/4Z)= B4 = 〈ε′4〉, as desired.
Now assume that′ = {1}, i.e., n2 for p = 2, and n3 for p=2. Set G˜′ = res′(G)=
〈g|′ 〉. Note that G˜′⊥ =G⊥ ∩′ = {1} sinceG⊥ ∩′ ⊆ (pG)⊥ ∩′ = {1} for p = 2, and
G⊥={1} for p=2.As 1< |′|=(′ : G˜′⊥) |G˜′|, it follows that G˜′ = {0} and′⊥∩G =
G; hence ′⊥ ∩G ∈K(, A). By Proposition 1.13, it follows that G˜′ ∈N(′, A), i.e.,
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pn−1 = (′ : G˜′⊥)< |G˜′|||G| = pn if p = 2, and 2n−2 = (′ : G˜′⊥)< |G˜′|||G| = 2n if
p = 2. Consequently, for p = 2 we have G˜′GZ/pnZ,and for p = 2 we have either
G˜′Z/2n−1Z or G˜′GZ/2nZ. Thus we arrived to a contradiction since
Z1(′, A)= B1(′, A)
{
Z/pn−1Z if p = 2,
Z/2n−2Z if p = 2.
Indeed, let
=
{
(1+ p)modpn if p = 2
5mod 2n if p = 2
be the canonical generator of the cyclic group ′. The injective group morphism
Z1(′, A) −→ A, h → h(), maps Z1(′, A) onto Ker(N) and B1(′, A) onto T (A),
where N : A −→ A is the norm sending a ∈ A= (1/pn)Z/Z to N˜a,
N˜ =

pn−1−1∑
i=0
(1+ p)i if p = 2,
2n−2−1∑
i=0
5i if p = 2
and
T : A −→ A, a → a − a =
{
pa if p = 2,
4a if p = 2.
Now, it is easily checked by induction that the p-adic valuation of the natural number N˜ is
n− 1 for p = 2 and n− 2 for p = 2. This implies that
Ker(N)= T (A)=
{
pAZ/pn−1Z if p = 2,
4AZ/2n−2Z if p = 2,
as desired. 
Remark 1.19. Lemma 1.18 gives a precise description of the open subsetN(, A) of the
spectral space L(Z1(, A)) as the union of the basic quasi-compact open sets UBp for p
ranging overP(, A).
The next statement, which is an equivalent form of Lemma 1.18, is actually an abstract
version of the Kneser Criterion [6] from the ﬁeld theoretic Cogalois Theory. Note that the
place of the primitive pth roots of unity p, p odd prime, from the Kneser Criterion [6] is
taken in its abstract version by εp, while ε′4 corresponds to 1− 4.
Theorem 1.20 (The Abstract Kneser Criterion). The following assertions are equivalent
for GZ1(, A).
(1) G is a Kneser group of Z1(, A).
(2) εp /∈G whenever 4 = p ∈ P(, A) and ε′4 /∈G whenever 4 ∈ P(, A).
Corollary 1.21. The following assertions are equivalent for GZ1(, A).
(1) G ∈K+(, A).
(2) G⊥ε⊥p for all p ∈ P(, A).
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Corollary 1.22. Z1(, A) is a Kneser group of itself if and only if P(, A) = ∅, i.e.,
A[p] ⊆ A,∀p ∈ P.
2. Cogalois groups of cocycles
In this section we deﬁne the concept of abstract Cogalois group and establish various
equivalent characterizations for such groups, including aQuasi-Purity Criterion, an abstract
version of the structure theorem for Kneser groups from the ﬁeld theoretic Cogalois Theory,
and an analogue of Theorem 1.20 (the Abstract Kneser Criterion) for Cogalois groups.
For a given subgroupG ofZ1(, A), the lattice L(G) of all subgroups ofG and the lattice
L(|G⊥) of all closed subgroups of lying overG⊥ are related through the canonical order-
reversing maps H → H⊥ and  → G ∩ ⊥ = G ∩ Ker(res). Clearly, these two maps
establish a Galois connection, which is induced by the one considered in Proposition 0.1(1).
Notice also that L(G) (resp. L(|G⊥)) is a closed subspace of the spectral (Stone) space
L(Z1(, A)) (resp. L()) and the two maps above are continuous by Proposition 0.3.
Deﬁnition 2.1. A subgroup G of Z1(, A) is said to be a Cogalois group of Z1(, A) if it
is a Kneser group of Z1(, A) and the maps
(−)⊥ : L(G) −→ L(|G⊥) and G ∩ (−)⊥ : L(|G⊥) −→ L(G)
are lattice anti-isomorphisms, inverse to one another.
Some characterizations of Cogalois groups of Z1(, A) are given in the next result.
Proposition 2.2. The following statements are equivalent for aKneser groupGofZ1(, A).
(1) = (G ∩ ⊥)⊥ for every  ∈ L(|G⊥).
(2) res(G) ∈K(, A) for every  ∈ L(|G⊥).
(3) The map L(G) −→ L(|G⊥), H → H⊥, is onto.
(4) The map L(|G⊥) −→ L(G),  → G ∩ ⊥, is injective.
(5) The canonicalmapsL(G) −→ L(|G⊥) andL(|G⊥) −→ L(G) arehomeomorphisms
of spectral (Stone) spaces inverse to one another.
(6) G is a Cogalois group of Z1(, A).
Corollary 2.3. A subgroup G of Z1(, A) is Cogalois if and only if res(G) is a Kneser
group of Z1(, A) for every  ∈ L(|G⊥). In particular, Z1(, A) is a Cogalois group of
itself if and only if Z1(, A) is a Kneser group of itself.
Deﬁnition 2.4. A subgroup D of an Abelian group C is said to be quasi-n-pure, where
n ∈ N, if C[n] ⊆ D, i.e., C[n]=D[n]. ForM ⊆ N, C is quasi-M-pure if C is quasi-n-pure
for all n ∈ M .
Recall that a well established concept in Group Theory is that of n-purity: a subgroup D
of anAbelian group C is said to be n-pure ifD∩nC=nD. There is no connection between
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the concepts of n-purity and quasi n-purity. The abstract notion of quasi n-purity goes back
to the concept of n-purity from the ﬁeld theoretic Cogalois Theory (see [1,3]).
For any subgroupG of Z1(, A) we denotePG := OG ∩P, i.e.,PG is the set of those
p ∈ P for which exp(G[p])= p.
The quasi PG-purity plays a basic role in the characterization of Cogalois groups of
Z1(, A). The next result is the abstract version of the General Purity Criterion (see [1,
Theorem 2.3]) from the ﬁeld theoretic inﬁnite Cogalois Theory.
Theorem 2.5 (The Quasi-Purity Criterion). The following statements are equivalent for a
subgroup G of Z1(, A).
(1) G is Cogalois.
(2) The subgroup A of AG⊥ is quasiPG-pure.
(3) G⊥ε⊥p for all p ∈ PG ∩P(, A).
Proof. (2) ⇒ (3): Let p ∈ PG∩P(, A). Then 1̂/p ∈ A\A, and hence 1̂/p /∈AG⊥ , as
AG
⊥[p]=A[p] by hypothesis. Consequently, there exists  ∈ G⊥ such that 1̂/p = 1̂/p,
i.e.,  /∈ ε⊥p , which shows that G⊥ε⊥p , as desired.
(3) ⇒ (2): Let p ∈ PG. Then clearly 1̂/p ∈ A. Assuming 1̂/p ∈ A, we obtain that
A[p] =AG⊥[p] = (1/p)Z/Z, as desired. Now assume that 1̂/p /∈A. Since G⊥ε⊥p by
hypothesis, it follows that A[p] = AG⊥[p] = {0} for p = 4, and A[p] = AG⊥[p] =
(1/2)Z/Z for p = 4.
(1) ⇒ (3): Suppose thatG is Cogalois, and let p ∈ PG∩P(, A). Then 1̂/p ∈ A\A,
and there exists a cocycle h ∈ G of order p. Let HZ/pZ denote the subgroup of G
generated by h. Since G is a Kneser group of Z1(, A), ( : H⊥) = |H | = p. Assuming
that G⊥ ⊆ ε⊥p , we have to derive a contradiction. We distinguish the following two cases:
Case (1): p ∈ P\{2}. Since G ∈ K(, A), it follows by Theorem 1.20 that εp /∈G.
Setting  := h− εp ∈ Z1(, (1/p)Z/Z)\G, we deduce that ord()= p and 〈εp〉 ∩ 〈〉 =
{0}. Consequently, again by Theorem 1.20, 〈〉 ∈ K(, A), and hence ( : ⊥) = p.
Since G⊥h⊥ and G⊥ε⊥p by assumption, it follows that G⊥⊥. As G is Coga-
lois, we deduce that ⊥ = (G ∩ ⊥⊥)⊥ and |G ∩ ⊥⊥| = ( : ⊥) = p, therefore G ∩
⊥⊥Z/pZ. Now consider the subgroup H ′ := H + (G ∩ ⊥⊥) of G. As p is a prime
number, it follows that either H ′ = HZ/pZ or H ′ = H ⊕ (G ∩ ⊥⊥)(Z/pZ) ⊕
(Z/pZ). Since H ′G ∈ K(, A), we deduce that ( : H ′⊥) ∈ {p, p2}. This im-
plies that ( : ε⊥p )|p2 since H ′⊥h⊥ ∩ ⊥ε⊥p . On the other hand, ε⊥p is the kernel
of the action of  on A[p] = (1/p)Z/Z, and hence 2( : ε⊥p )|(p − 1), which is a
contradiction.
Case (2): p = 4. Let ε′4 ∈ Z1(, A[4]) = Z1(, (1/4)Z/Z) be the 1-cocycle deﬁned
in Section 1, and remember that ε4 = 2ε′4. As 1̂/4 /∈A, the action of  on A[4] =
(1/4)Z/Z, whose kernel is ε⊥4 =ε′4⊥, is nontrivial, and hence/ε⊥4(Z/4Z)∗Z/2Z, i.e.,
( : ε⊥4 )= 2. Since G is Cogalois and G⊥ε⊥4 by assumption, it follows that ε⊥4 = (G ∩
ε⊥⊥4 )
⊥ and |G ∩ ε⊥⊥4 | = ( : ε⊥4 )= 2, i.e., G ∩ ε⊥⊥4 Z/2Z. One easily checks that ε4 is
the unique element of order 2 of ε⊥⊥4 , and hence G ∩ ε⊥⊥4 = 〈ε4〉, in particular, ε4 ∈ G.
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On the other hand, sinceG ∈K(, A), it follows by Theorem 1.20 that ε′4 /∈G, and hence
h /∈ {ε′4,−ε′4}. Set  := h − ε′4 and H1 := 〈h, ε4〉G. Then 0 =  /∈ 〈ε′4〉. Two subcases
arise:
Subcase (1): ε4 ∈ H . Then 2h= ε4 and 2= 2h− 2ε′4 = 2h− ε4 = 0, i.e., ord()= 2.
By Lemma 1.1, we have ( : ⊥) |〈〉| = 2. Observe that ⊥ = , for otherwise, we
would have 0 =  ∈ ⊥⊥=⊥={0}, which is a contradiction. Thus, ( : ⊥)= 2. On the
other hand, G⊥H⊥ = H⊥ ∩ ε⊥4 = h⊥ ∩ ε′4⊥⊥, and hence G ∩ ⊥⊥G ∩ H⊥⊥ =
H,⊥ = (G ∩ ⊥⊥)⊥, and |G ∩ ⊥⊥| = ( : ⊥) = 2, as G is Cogalois. Since 〈ε4〉 is
the unique subgroup of order 2 of HZ/4Z, it follows that G ∩ ⊥⊥ = 〈ε4〉. Therefore
 ∈ (⊥)⊥ = ((G ∩ ⊥⊥)⊥)⊥ = ε⊥⊥4 , so  = ε4 since ord() = 2 and ε4 is the unique
element of order 2 contained in ε⊥⊥4 . In particular,  ∈ G, and hence ε′4=h− ∈ G, which
is a contradiction.
Subcase (2): ε4 /∈H . Then H1 = H ⊕ 〈ε4〉Z/4Z ⊕ Z/2Z. Since 2 = 2h − ε4 = 0
and 4= 0, it follows that ord()= 4. But ε′4 /∈ 〈〉, so 〈〉 ∈K(, A) by Theorem 1.20,
and then, ( : ⊥) = 4. Since H1G,G⊥H⊥1 = h⊥ ∩ ε⊥4 = h⊥ ∩ ε′4⊥⊥, and G
is Cogalois, it follows that H2 := G ∩ ⊥⊥G ∩ H⊥⊥1 = H1, H⊥2 = ⊥, and |H2| =
( : ⊥)= 4. Thus,H2 is a subgroup of order 4 ofH1. SettingH3=H2 + 〈ε4〉, we deduce
thatH⊥3 =H⊥2 ∩ε⊥4 =⊥∩ε′4⊥h⊥∩ε⊥4 =H⊥1 H⊥2 ∩ε⊥4 , soH⊥3 =H⊥1 , and henceH3=H1
byLemma1.5, asG ∈K(, A) andH1+H3G. SinceH1=H⊕〈ε4〉Z/4Z⊕Z/2Z and
|H2|=4, we deduce thatH2Z/4Z, and hence eitherH2=H orH2=〈h− ε4〉. Assuming
thatH2=H , it follows that (h− ε′4)⊥=⊥=H⊥2 =H⊥=h⊥. ThereforeH⊥ε′4⊥= ε⊥4 ,
and so ε4 ∈ G ∩ ε⊥⊥4 G ∩H⊥⊥ =H , which is a contradiction. Thus, it remains only to
consider the caseH2=〈h−ε4〉. Then (h−ε′4)⊥=⊥=H⊥2 = (h−ε4)⊥. Replacing with
h+ ε′4 and proceeding as above, we ﬁnally obtain that (h+ ε′4)⊥ = (h− ε4)⊥ = (h− ε′4)⊥,
and hence \ε⊥4 ⊆ h⊥, as one easily checks. On the other hand, since ( : ε⊥4 ) = 2, it
follows that = ε⊥4 ∪ε⊥4 for some (for all)  ∈ \ε⊥4 . So, for every  ∈ ε⊥4 and  ∈ \ε⊥4
we have 0= h()= h()+ h()= h(), and hence ε⊥4 h⊥. Thus h⊥ =, i.e., h= 0,
which is a contradiction.
(3) ⇒ (1): Using Corollary 2.3, we have to show that G˜ := res(G) ∈ K(, A)
for every  ∈ L(|G⊥). Assuming the contrary, it follows by Theorem 1.20 that there
exist  ∈ L(|G⊥) and p ∈ P(, A) ⊆ P(, A), i.e., 1̂/p ∈ A\A ⊆ A\A,
such that εp| ∈ G˜ if p = 4 and ε′4| ∈ G˜ if p = 4. Consequently, there exists
h ∈ G such that h| = εp| if p = 4, and h| = ε′4|if p = 4. Let n = ord(h). Since
ord(εp|) = p for p = 4 and ord(ε′4|) = 4 for p = 4, as 1̂/p ∈ A\A, it follows that
p|n, and hence p ∈ PG ∩P(, A). On the other hand,G⊥h⊥ ∩ε⊥p , contrary to our
hypothesis. 
We denote by C(, A) the poset of all Cogalois groups of Z1(, A) and by C+(, A)
its subset consisting of all Cogalois groups G which additionally are closed elements of
the canonical Galois connection described in Proposition 0.1(1), i.e.,G=G⊥⊥. Remember
thatK(, A) denotes the poset of all Kneser groups of Z1(, A) and
K+(, A)= {G ∈K(, A)|G=G⊥⊥}.
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Corollary 2.6. C+(, A)=K+(, A).
Proof. Apply Theorem 2.5 and Corollary 1.21. 
SetM(, A) :=K(, A)\C(, A). Obviously C(, A),C+(, A), andM(, A) are
stable under the action of .
Corollary 2.7. C(, A) is a closed subset of the spectral spaceK(, A). In particular,
C(, A) has a natural structure of spectral (Stone) -space, and C+(, A) is a closed
-subspace.
Proof. By Theorem 2.5,M(, A) =⋃p∈PG∩P(,A){G ∈ K(, A)|G⊥ε⊥p } is the in-
verse image trough the canonical continuous mapK(, A) −→ L(),G → G⊥, of the
union
⋃
p∈PG∩P(,A)Uε⊥p of basic open sets of the spectral spaceL(), and henceM(, A)
is an open subset of the spectral spaceK(, A). Consequently, C(, A) is closed, as de-
sired. 
Corollary 2.8. The following assertions hold.
(1) C(, A) is a lower subset of the posetK(, A).
(2) The property of a subgroupG of Z1(, A) being Cogalois is of ﬁnitary character, i.e.,
G ∈ C(, A) if and only if F ∈ C(, A) for all ﬁnite subgroups F of G.
(3) For any G ∈ C(, A) there exists a maximal Cogalois group lying over G.
(4) The set C(, A)max of all maximal Cogalois subgroups of Z1(, A) has a natural
structure of Hausdorff -space.
Proof. (1) For any G ∈ C(, A), the closure {G} = L(G) in the spectral spaceK(, A)
is contained in C(, A) since the latter set is closed by Corollary 2.7. Thus H ∈ C(, A)
whenever HG, as desired.
(2) By the deﬁnition of the spectral topology on L(Z1(, A)), for anyG ∈ L(Z1(, A)),
L(G) is the closure of the subset of L(Z1(, A)) consisting of all ﬁnite subgroups ofG, so
(2) follows at once from Corollary 2.7.
Conditions (3) and (4) follow in a similar way as the assertions (3) and (4) of Corollary
1.8. 
Corollary 2.9. Let p be an odd prime number, and let G be a p-subgroup of Z1(, A).
Then G is Cogalois if and only if G is Kneser.
Proof. By Corollaries 1.7 and 2.8 (2), we may assume that the p-group G is ﬁnite. Assume
that G is Kneser and prove that G is Cogalois with the aid of Theorem 2.5. We may assume
that p ∈ P(, A), for otherwise we have nothing to prove. As we have already seen at the
beginning of the proof of Lemma 1.18, the index ( : ε⊥p ) is a divisor = 1 of p − 1, in
particular it is prime to p. Since the p-group G is Kneser, ( : G⊥)= |G| is a power of p,
and hence G⊥ε⊥p . 
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Remarks 2.10. (1) Corollary 2.9 may fail for p = 2. Indeed the simplest example of a
Kneser non-Cogalois 2-group is the one corresponding to the action of type D4 or D8 (see
Deﬁnition 2.16 and Lemma 2.17).
(2) In contrast with the property of Kneser groups given in Corollary 1.16, the condition
that all p-primary components of G are Cogalois, is in general not sufﬁcient to ensure G
being Cogalois. To see that, observe that the group corresponding to the action of type Dpr
is Kneser but not Cogalois, and has all its primary components Cogalois (see Deﬁnition
2.16 and Lemma 2.17).
The next theorem essentially shows that a subgroup GZ1(, A) is Cogalois if and
only ifG has a prescribed structure, and is the abstract version of the structure theorem for
Kneser groups from the ﬁeld theoretic inﬁnite Cogalois Theory (see [1, Theorem 4.3]).
For any subgroup G of Z1(, A) and for any prime number p, denote
G˜p =
{
G⊥⊥(p) if either p ∈ PG, or p = 2 and 4 ∈ PG,
G⊥⊥[2] if p = 2, 4 /∈PG, and G[2] = 0,
0 otherwise
and
G˜=
⊕
p∈P
G˜p.
Now, consider the subgroup
G =
⋃
n∈OG
(1/n)Z/Z=
∑
h∈G
h()=
⊕
p∈P
 ⋃
h∈G(p)
h()

of A, and let Z1(|G⊥,G)=G⊥⊥ ∩ Z1(,G) be the subgroup of Z1(, A) consisting
of those cocycles which are trivial on G⊥ and take values in G. Then
GZ1(|G⊥,G)G˜G⊥⊥, and so G⊥ = Z1(|G⊥,G)⊥ = G˜⊥.
Notice also thatPG =PZ1(|G⊥,G) =PG˜.
Theorem 2.11. With the notation above, the following assertions are equivalent for a
Kneser group G of Z1(, A).
(1) G is Cogalois.
(2) G= Z1(|G⊥,G).
(3) G= G˜.
Proof. (1) ⇒ (3): IfG isCogalois, then G˜ is alsoCogalois byTheorem2.5 sincePG=PG˜
andG⊥ = G˜⊥. In particular, G˜ ∈K(, A), and henceG= G˜∩G⊥⊥ = G˜, by Lemma 1.5,
as desired.
Implication (3) ⇒ (2) is trivial.
(2) ⇒ (1): Assume thatG=Z1(|G⊥,G) and G is not Cogalois. Then, by Theorem
2.5, there existsp ∈ PG∩P(, A) such thatG⊥ ⊆ ε⊥p .Therefore, εp ∈ Z1(|G⊥,G)=G
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for p = 4, and ε′4 ∈ Z1(|G⊥,G)=G for p= 4. By Theorem 1.20, we deduce thatG is
not a Kneser group, contrary to our hypothesis. 
Recall that byC(, A)we have denoted the -poset of all Cogalois groups of Z1(, A);
this set also has a natural structure of spectral (Stone) -space by Corollary 2.7.
Corollary 2.12. For any G,H ∈ C(, A) we have HG if and only if G⊥H⊥. In
particular, the map C(, A) −→ L(),G → G⊥, is coherent and injective.
Proof. LetG,H ∈ C(, A) be such thatG⊥H⊥, and prove thatHG. By the deﬁnition
of the groups G˜ and H˜ , and using Theorem 2.11, it sufﬁces to show that PH ⊆ PG and
H [2] = {0} ⇒ G[2] = {0}. Let p ∈ PH ∪ {2} and h ∈ H be such that ord(h)=p. Since
H ∈ C(, A), we have ( : h⊥)=p, and moreover, there exists only one proper subgroup
(of index 2) lying over h⊥ if p= 4. SinceG ∈ C(, A) andG⊥H⊥h⊥, it follows that
G ∩ h⊥⊥ is a cyclic subgroup of G of order p, and hence either p ∈ PG or p = 2 and
G[2] = {0}, as desired.
The injectivity of the canonical map C(, A) −→ L() is now obvious, so it remains
only to show that it is coherent. Let  be an open subgroup of , and denote byW =
{G ∈ C(, A)|G⊥} the inverse image through the map considered above of the basic
quasi-compact open setU of the spectral space L().We have to show thatW is also open
quasi-compact.Wemay assume thatW = ∅, since otherwise we have nothing to prove. For
anyG ∈W ⊆ C(, A), it follows that (G∩⊥)⊥ = andG∩⊥ is a ﬁnite subgroup of
G of order ( : ), in particular, it belongs toW. As the canonical map above is injective,
it follows that F := G ∩ ⊥ does not depend on the choice of G ∈ W. Consequently,
W = UF ∩ C(, A) is a basic quasi-compact open set of the spectral space C(, A), as
desired. 
Remark 2.13. By Corollary 2.12,C(, A) is identiﬁed through the injective coherent map
G → G⊥ with a closed subspace of the spectral (Stone) space L(|Z1(, A)⊥), which is
stable under the coherent action of  by conjugation.
Corollary 2.14. The following assertions are equivalent for G ∈ C(, A).
(1) G is stable under the action of , i.e., G is a -submodule of Z1(, A).
(2) G⊥.
(3) G⊥G = G.
Corollary 2.15. IfG ∈ C(, A) is a-submodule ofZ1(, A), thenGZ1(/G⊥,G).
Proof. SinceG is Cogalois, we haveG=Z1(|G⊥,G) by Theorem 2.11, and sinceG is
a -submodule of Z1(, A), we haveG⊥ by Corollary 2.14. To conclude, observe that
Z1(|G⊥,G)Z1(/G⊥,G). 
According to Lemma 1.18, the Kneser groups are precisely those subgroups of Z1(, A)
which do not contain some particular cyclic groups, namely the minimal subgroups Bp
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which are not Kneser, p ∈ P(, A). Using Corollary 2.8, we are going to present a similar
characterization forCogalois groups.To do thatwewill ﬁrst describe effectively theminimal
subgroups ofZ1(, A)which are Kneser but not Cogalois.A special class of actions which
are introduced below plays a major role in this description.
Deﬁnition 2.16. Let  be a ﬁnite group, and let A be a ﬁnite subgroup of Q/Z on which
the group  acts. One says that the action of  on A, or the -module A, is
(1) of type D4 if =D4 = 〈, |2 = 2 = ()2 = 1〉Z/2Z× Z/2Z,
A= (1/4)Z/Z, and 1̂/4=−1̂/4, 1̂/4= 1̂/4.
(2) of type D8 if =D8 = 〈, |2 = 4 = ()2 = 1〉Z/4ZZ/2Z,
A= (1/4)Z/Z, and 1̂/4=−1̂/4, 1̂/4= 1̂/4.
(3) of type Dpr if = 〈, |r = p = −1−u = 1〉Z/pZuZ/rZ,
A= (1/pr)Z/Z, and 1̂/pr = u1̂/pr, 1̂/pr = 1̂/pr ,
where p ∈ P, p > 2, r ∈ N, r > 1, r|(p − 1), and
u ∈ (Z/prZ)∗ is such that the order of umodp in
(Z/pZ)∗ is r and umod l = 1mod l for all l ∈ P, l | r .
Remember that by M(, A) we have denoted the s-open set (possibly empty)
K(, A)\C(, A) of all Kneser groups of Z1(, A) which are not Cogalois groups.
Clearly, for any G ∈ M(, A) there exists at least one minimal member H ofM(, A)
such that H ⊆ G. By M(, A)min we shall denote the set of all minimal members of
M(, A), and call them minimal Kneser non-Cogalois groups. Observe that whenever
G ∈M(, A)min, then necessarilyG is a nontrivial ﬁnite group according to Corollary 2.8
(2).
Lemma 2.17. The following conditions are equivalent for G ∈K(, A).
(1) G ∈M(, A)min.
(2) G⊥ and the action of /G⊥ on G is one of the types D4,D8, or Dpr deﬁned
above.
Proof. (1) ⇒ (2): First assume that G ∈ M(, A)min. Then, as was observed above,
G is ﬁnite. Since G is not Cogalois, it follows by Theorem 2.5 that there exists p ∈
P(, A) ∩PG such that G⊥ ⊆ ε⊥p . Assume p is minimal with the property above, and let
H be a cyclic subgroup of G of order p. Since G is Kneser, its subgroup H is also Kneser,
and hence ( : H⊥)= |H | = p, in particular, H = Bp. We distinguish the following two
cases:
Case (1): p = 4. We are going to show that G⊥ and the action of /G⊥ on G is
either of type D4 or of type D8. Two subcases arise:
Subcase (1): ε4 ∈ H . As HZ/4Z and H⊥ε⊥4 , H is not Cogalois by Theorem 2.5,
so by the minimality of G we have G = HZ/4Z and G = (1/4)Z/Z. Since g −
g ∈ B1(,G) = 〈ε4〉G for all  ∈ , g ∈ G, it follows that G is stable under the
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action of , thereforeG⊥ andGZ1(/G⊥,G). As the Kneser non-Cogalois group
G is cyclic of order 4, it follows that /G⊥Z/2Z × Z/2Z and the action of /G⊥ on
G is of type D4.
Subcase (2): ε4 /∈H . First, show that ε4 ∈ G. Since G is Kneser, it follows that
G(2)⊥ε⊥4 , for otherwise (G(2)⊥ : (G(2)⊥ ∩ ε⊥4 )) = ( : ε⊥4 ) = 2, so 2|G(2)| =
( : (G(2)⊥ ∩ ε⊥4 ))||| = |G|, which is a contradiction. Thus, the 2-primary compo-
nentG(2) is Kneser, and is not Cogalois by Theorem 2.5. Consequently, by the minimality
of G, we deduce that G = G(2). Since L := res
ε⊥4
(G) is a 2-group as a factor of G and
4 /∈P(ε⊥4 , A), it follows by Theorem 2.5 that L is a Cogalois (in particular, Kneser) group
ofZ1(ε⊥4 , A). Therefore, (G∩ε⊥⊥4 )⊥=ε⊥4 by Corollary 1.12, so the Kneser groupG∩ε⊥⊥4
of Z1(, A) is cyclic of order 2. Since the only cocycle of order 2 belonging toε⊥⊥4 is ε4,
we deduce that ε4 ∈ G, as desired.
Consequently, by the minimality of G, we have G = H ⊕ 〈ε4〉Z/4Z⊕ Z/2Z,G =
(1/4)Z/Z, and LHZ/4Z. Moreover, since ε4 ∈ G, it follows as in Subcase (1) that
G is stable under the action of . Therefore G⊥ and G is canonically identiﬁed with
a subgroup of Z1(/G⊥,G). In particular, G⊥ε⊥4 , and ε⊥4 /G⊥ = ε⊥4 /L⊥Z/4Z as
LZ/4Z is a Cogalois group of Z1(ε⊥4 , A). The canonical action of H⊥/G⊥/ε⊥4
Z/2Z on ε⊥4 /G⊥Z/4Z is non-trivial, for otherwise we would have /G⊥G, contrary
to the fact that G is not Cogalois. Thus, /G⊥ε⊥4 /G⊥/ε⊥4D8,i.e., the action of
/G⊥ on G is of type D8, as required.
Case (2): p ∈ P\{2}. We are going to show that G⊥ and the action of /G⊥ on G
is of type Dpr , where r : =( : ε⊥p ). Let G′ denote the subgroup of G consisting of all its
elements of order prime to p.AsG is Kneser, so is alsoG′, and hence (G′⊥ : G⊥)=(G : G′)
is a power of the prime number p. Consequently, its divisor (G′⊥ : G′⊥ ∩ ε⊥p ) is also a
power of p. On the other hand, as ε⊥p , the kernel of the non-trivial action of  on A[p], is
normal in , we have G′⊥ ∩ ε⊥pG′⊥. So, the factor group G′⊥/(G′⊥ ∩ ε⊥p ) is identiﬁed
with a subgroup of the cyclic group/ε⊥p of order r , with r|p−1 and (r, p)=1. Therefore
G′⊥ε⊥p . Since G′ = G, it follows from the minimality of G that G′ is Cogalois. Thus,
K := G′ ∩ ε⊥⊥p is also Cogalois and K⊥ = ε⊥p . Moreover, K is cyclic of order r since
/K⊥Z/rZ. In particular, we have K = (1/r)Z/ZA. As K⊥, Corollaries 2.14
and 2.15 imply that (1/r)Z/ZAε⊥p and KZ1(/ε⊥p , (1/r)Z/Z).
From the minimality condition satisﬁed by G it follows that G=H ⊕KZ/prZ and
G = (1/pr)Z/Z. Since K⊥ = ε⊥p and (( : H⊥), ( : K⊥))= (p, r)= 1, we deduce
that =H⊥K⊥ andG⊥=H⊥ ∩K⊥H⊥. So, to conclude thatG⊥ it sufﬁces to show
thatG⊥K⊥. For any  ∈ G⊥,  ∈ K⊥, h ∈ H we haveh(−1)=h()−(−1)h()=0
since h() ∈ (1/p)Z/Z=AK⊥ and −1 ∈ K⊥. ThusG⊥, the kernel of the canonical
action of /G⊥ on G is ε⊥4 /G⊥, and /G⊥ = ε⊥4 /G⊥H⊥/G⊥. Let  ∈ H⊥,  ∈
ε⊥p , u ∈ (Z/prZ)∗ be such that G⊥ is a generator ofH⊥/G⊥Z/rZ, G⊥ is a generator
of ε⊥p /G⊥Z/pZ, and 1̂/pr=u1̂/pr . Clearly 1̂/pr= 1̂/pr and the order of umodp ∈
(Z/pZ)∗ is r. Moreover, −1 ≡ u (modG⊥) since G=H ⊕K,h(−1)= h()=
uh()= h(u) for all h ∈ H (as h|ε⊥p ∈ Hom(ε⊥p , (1/p)Z/Z)), and k(−1)= k(u)= 0
for all k ∈ K .
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Consequently, /G⊥Z/pZuZ/rZ. Therefore, to conclude that the action of /G⊥
on G is of type Dpr , it remains only to check that umod l = 1mod l, i.e., 1̂/l ∈ A for
all l ∈ P, l | r . Assuming the contrary, let l ∈ P(, A) be such that l | r . Since 1̂/r ∈ Aε⊥p ,
we deduce that G⊥ε⊥p ε⊥l . Thus l ∈ P(, A) ∩PG and G⊥ε⊥l ; hence lp, which
is a contradiction.
(2) ⇒ (1): Assume that G⊥ and the action of /G⊥ on G is of one of the types
D4,D8, or Dpr . Since G is canonically identiﬁed with a subgroup of Z1(,G), we may
assumewithout loss of generality thatG⊥={1} andA=G, i.e., (, A) is one of the actions
described in Deﬁnition 2.16.We have to show that every Kneser groupGZ := Z1(, A)
satisfying G⊥ = {1} and G = A is minimal non-Cogalois. We distinguish the following
three cases:
Case (a): (, A) is of type D4. Then, the morphism h → (h(), h()) maps isomorphi-
cally Z onto A × 2AZ/4Z × Z/2Z. Thus Z = 〈ε′4〉 ⊕ 〈
〉, where 
 = ε4 is deﬁned
by 
() = 0,
() = 1̂/2. Notice that G := 〈ε′4 + 
〉Z/4Z is the unique Kneser group
of Z such that G = A, in particular G⊥ = {1}, and G is the unique Kneser non-Cogalois
subgroup of Z as well.
Case (b): (, A) is of type D8. Then, the morphism h → (h(), h()) maps isomorphi-
cally Z onto A×AZ/4Z×Z/4Z. Consequently, Z=〈ε′4〉⊕ 〈〉, where the cocycle  is
deﬁned by ()= 0, ()= 1̂/4. Observe that there exist only two Kneser groups G of Z
such thatG⊥={1}, i.e., |G|= ||=8, hence G=A= (1/4)Z/Z, namelyG1=〈ε4〉⊕ 〈〉
andG2=〈ε4〉⊕ 〈+ ε′4〉, both isomorphic to Z/2Z⊕Z/4Z and stable under the action of
. They are also the only Kneser (minimal) non-Cogalois groups of Z of order 8. Notice
that, on the other hand, 〈ε′4 + 2〉Z/4Z is the unique Kneser non-Cogalois subgroup of
order 4, the corresponding action being of type D4.
Case (c): (, A) is of type Dpr , where p is an odd prime number and r|p − 1, r > 1.
Let u∈(Z/prZ)∗ be the unit deﬁning the action. Since N()=∑r−1i=0 ui=0modpr ,
the morphism h→(h(), h()) maps isomorphically Z onto A × rAZ/prZ×Z/pZ.
Consequently, Z = Bp ⊕ 〈〉 ⊕ 〈〉, where the cocycles  and  are deﬁned by
() = 1̂/r, () = 0,() = 0,() = 1̂/p. As P(, A) = {p}, the necessary and suf-
ﬁcient condition for a subgroup G of Z to be Kneser is, according to Theorem 1.20, that
G ∩ Bp = 0. Consequently, G is a maximal Kneser group of Z ⇐⇒ G is a direct sum-
mand of Bp ⇐⇒ G is a Kneser group isomorphic to Z/prZ ⇐⇒ G is a Kneser group
with G⊥ = {1} ⇐⇒ G is a Kneser group with G = A. The only subgroups of Z satis-
fying the equivalent conditions above are the subgroups Gi = 〈iεp +  + 〉Z/prZ,
i ∈ Z/pZ. Since P(, A) = {p} and the unique subgroup HGi, i ∈ Z/pZ, for which
p||H | andH⊥ε⊥p is the whole groupGi , it follows by Theorem 2.5 that theGi’s are also
the only Kneser non-Cogalois subgroups of Z. Notice that, in contrast with the actions of
type D4 or D8, the subgroups Gi, i ∈ Z/pZ are not stable under the action of . More
precisely,  acts transitively on the set {Gi |i ∈ Z/pZ} with stabilizers 〈i−i〉Z/rZ,
i ∈ Z/pZ. 
Corollary 2.18. AnyKneserminimal non-Cogalois group ofZ1(, A) is isomorphic either
to Z/4Z, or to Z/2Z⊕Z/4Z, or to Z/prZ for an odd prime number p and a divisor r = 1
of p − 1.
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Proof. Let G be a Kneser minimal non-Cogalois group of Z1(, A). By Lemma 2.17,
G⊥ and the action of /G⊥ on G is of one of the types D4,D8, or Dpr . The possi-
ble isomorphism types for the group G are now immediate from the proof of implication
(2) ⇒ (1) of Lemma 2.17. 
Theorem 2.19. The following statements are equivalent for a Kneser group G of
Z1(, A).
(1) G is Cogalois.
(2) G contains no H for which H⊥ and the action of /H⊥ on H is one of the types
D4,D8, or Dpr .
Proof. The result follows from Lemma 2.17 and from the fact we already mentioned just
before Lemma 2.17: for any L ∈M(, A) there exists at least one K ∈M(, A)min such
that K ⊆ L. 
As it follows from Lemma 2.17, the fact that all the p-primary components of a subgroup
G of Z1(, A) are Cogalois does not imply that the whole group G is Cogalois. The next
result provides a supplementary lattice theoretic (topological) condition which ensures such
an implication, obtaining in this way a local-global principle for Cogalois groups.
Theorem 2.20. Let G be a subgroup of Z1(, A), and let
 : L(|G⊥) −→
∏
p∈P
L(|G(p)⊥), → (〈 ∪G(p)⊥〉)p∈P.
Then, the following statements are equivalent.
(1) G is Cogalois.
(2) G(p) is Cogalois for all prime numbers p, and the order-preserving map  is a lattice
isomorphism.
(3) G(p) is Cogalois for all prime numbersp, and the coherent map  is a homeomorphism
of spectral (Stone) spaces.
(4) G is Kneser, G(2) is Cogalois, and  =  whenever  ∈ L(|G⊥) is such that
()= ().
Proof. (1) ⇒ (2): Assuming that G is Cogalois, we only have to prove that  is a lat-
tice isomorphism. As G and the G(p)’s are Cogalois, the canonical order-reversing maps

 : L(G) −→ L(|G⊥),
p : L(G(p)) −→ L(|G(p)⊥),H → H⊥, are lattice anti-
isomorphisms. On the other hand, since the canonical map
 : L(G) −→
∏
p∈P
L(G(p)),H → (H(p))p∈P
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is a lattice isomorphism, the composed map∏
p∈P

p
 ◦  ◦ 
−1 : L(|G⊥) −→ ∏
p∈P
L(|G(p)⊥), → ((G ∩ ⊥)(p)⊥)p∈P
is also a lattice isomorphism, so it remains only to check that (
∏
p∈P
p) ◦  ◦ 
−1 = ,
i.e., (G ∩ ⊥)(p)⊥ = 〈 ∪G(p)⊥〉 for all p ∈ P, ∈ L(|G⊥). Now, as 
 is a lattice
anti-isomorphism, we deduce that
(G ∩ ⊥)(p)⊥ = ((G ∩ ⊥) ∩G(p))⊥ = 〈(G ∩ ⊥)⊥ ∪G(p)⊥〉 = 〈 ∪G(p)⊥〉,
as desired.
Implication (2)⇐⇒ (3) is obvious, and (2) ⇒ (4) follows at once fromCorollary 1.16.
(4) ⇒ (1): Assuming that G is Kneser but not Cogalois, we have to show that either
G(2) is not Cogalois or there exists  ∈ L(|G⊥) such that  =  and ()=(). LetH
be aminimal non-Cogalois subgroup ofG.According to Lemma 2.17,H⊥ is an open normal
subgroup of  and the action of /H⊥ on H is one of the actions described in Deﬁnition
2.16. If the action above is of type D4 or of type D8, then it follows thatHG(2), and hence
G(2) is not Cogalois. So, it remains to consider only the case when the action is of type
Dpr , where p is an odd prime number and r|p − 1, r2. Notice that 〈H⊥ ∪G(p)⊥〉 =
H⊥G(p)⊥ as H⊥, ( : H⊥G(p)⊥) is a power of p as G ∈ K(, A), and ( :
H(p)⊥) = |H(p)| = p as H(p)G ∈ K(, A) and H(p)Z/pZ (since HZ/prZ
byCorollary 2.18 and (p, r)= 1). On the other hand, sinceH⊥H⊥G(p)⊥H(p)⊥
and ( : H⊥)=pr, r|p−1, it follows thatH⊥G(p)⊥=H(p)⊥.As/H⊥Z/pZuZ/rZ
for a suitable u ∈ (Z/prZ)∗ by Deﬁnition 2.16, there exists an open subgroup  of  lying
over H⊥ such that ( : )= p and  = H(p)⊥. So, 〈 ∪G(p)⊥〉 = 〈 ∪H(p)⊥〉 = ,
and, similarly, 〈 ∪G(q)⊥〉 =  for any prime number q = p since all open subgroups
of  lying over G(q)⊥ have qth power indices in  as G ∈ K(, A).Thus, we found a
subgroup  of  with the desired properties, which ﬁnishes the proof. 
Finally,we consider the casewhenG is stable under the action of. Then, the local–global
principle for Cogalois groups has the following simple formulation.
Proposition 2.21. The following assertions are equivalent for a -submodule G of
Z1(, A).
(1) G is Cogalois.
(2) G(p) is Cogalois for all prime numbers p.
(3) G is Kneser, and G(2) is Cogalois.
Proof. Implication (1) ⇒ (2) is trivial, while implication (2) ⇒ (3) follows at once
from Corollary 1.16.
(3) ⇒ (1): Assuming that the -module G is Kneser but not Cogalois, we have
only to show that G(2) is not Cogalois. Let H be a minimal non-Cogalois subgroup of
G. According to Lemma 2.17, H⊥ and the action of /H⊥ on H is the one described
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in Deﬁnition 2.16. If the action is of type D4 or of type D8, then HG(2), and hence
G(2) is not Cogalois, as desired. Now assume that the action is of type Dpr . Then, as in the
proof of Theorem 2.19 we deduce that ( : H⊥G(p)⊥)=p. On the other hand,G(p)⊥
since G(p) is a -submodule of G. Hence H⊥G(p)⊥, and so, Z/pZ is a quotient of
/H⊥Z/pZuZ/rZ, which is a contradiction. 
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